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Abstract

Disentanglement learning is central to un-
derstanding and reusing learned representa-
tions in variational autoencoders (VAEs). Al-
though equivariance has been explored in this
context, effectively exploiting it for disentan-
glement remains challenging. In this paper,
we propose a novel method, called Multi-
ple Invertible and Partial-Equivariant Trans-
formation (MIPE-Transformation), which
integrates two main parts: (1) Invert-
ible and Partial-Equivariant Transformation
(IPE-Transformation), guaranteeing an in-
vertible latent-to—transformed-latent mapping
while preserving partial input-to-latent equiv-
ariance in the transformed latent space;
and (2) Exponential-Family Conversion (EF-
Conversion) to extend the standard Gaussian
prior to an approximate exponential family
via a learnable conversion. In experiments
on the 3D Cars, 3D Shapes, and dSprites
datasets, MIPE-Transformation improves the
disentanglement performance of state-of-the-
art VAEs.

1 Introduction

Disentanglement learning aims to learn interpretable
representations and has utility in tasks such as classifi-
cation (Singla et al.l [2021)), zero-shot learning (Tenen;
baum/ 2018]), and domain adaptation (Li et al. |2019;
Zou et al., [2020). A disentangled representation varies
along one latent coordinate in a way that corresponds
to a single factor of variation while keeping other fac-
tors essentially fixed. Among existing approaches, the
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Variational Autoencoder (VAE) (Kingma and Welling]
2013) is a primary framework; unsupervised methods
encourage factorized latents and reduce inter-dimension
correlation (Chen et al., 2018} Higgins et al., |2017;
Jeong and Song] 2019} [Kim and Mnihl [2018; |Li et al.|
2020)), but |Locatello et al.| (2019) shows that disentan-
glement is not identifiable without inductive bias.

To inject such bias, prior work follows two lines: 1)
statistics-driven methods that replace the standard
Gaussian prior with richer, often non-Gaussian alter-
natives. For example, [Kim et al.| (2019); Mathieu et al.
(2018) investigate Gaussian-mixture and Student-t pri-
ors and demonstrate limitations of the standard Gaus-
sian prior for disentanglement. Similarly, [Locatello
et al.| (2020); [Togo et al. (2025) consider priors be-
yond the Gaussian family and report improved disen-
tanglement performance. However, these approaches
are grounded in the original notion of disentangled
representation (Bengio et al.| |2013)) rather than the
group-theoretic formulation, and they do not explicitly
encode equivariance.

The second line comprises group-theoretic methods
that recast disentanglement in terms of the direct prod-
uct of groups defined on the latent space (Higgins
et al.l [2018]) by equivariant modeling between input
and latent vector space rather than 2D planar sym-
metries. Representative works instantiate the general
linear group (GL(n)) (Jung et al. |2024; Winter et al.l
2022; |Zhu et al., [2021) or cyclic groups (Keurti et al.l
2023; [Yang et al., 2022) on latent vector space, and
design equivariant VAE objectives that improve disen-
tangled representation quality. However, these models
typically retain a fixed standard Gaussian prior, which
limits statistical flexibility.

Motivated by these observations, we target two desider-
ata: 1) preserving partial equivariance between the
input and a transformed latent space, and 2) enabling
diverse priors. We introduce a learnable, invertible
latent-to-latent transformation that preserves partial
equivariance between inputs and latent space, and
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via an exponential-family conversion (EF-conversion),
maps the transformed latent vectors to flexible (non-
Gaussian) priors. We refer to the module as the Multi-
ple Invertible and Partial-Equivariant (MIPE) trans-
formation, which can be inserted into existing VAEs.

Through quantitative and qualitative experiments on
3D Cars, 3D Shapes, and dSprites, MIPE yields con-
sistent improvements in disentangled representation
learning. Our contributions are:

1. A symmetric matrix exponential latent-to-latent
transformation with invertibility and analyzed par-
tial equivariance properties.

2. A training procedure and losses that allow VAEs
to learn an unknown latent distribution approxi-
mated by an exponential family.

3. The MIPE architecture that integrates multiple
IPE transformations with EF-conversion and can
be plugged into state-of-the-art VAEs.

4. Empirical analysis demonstrating the effective-
ness of MIPE on standard disentanglement bench-
marks.

2 Preliminaries

Group: A group is a set G together with binary oper-
ation %, that combines any two elements g, and g in
G, such that the following properties:

e closure: gq, 9 € G = go *x g € G.
o Associativity: Vga,gs, gc € G, s.t. (ga * gp) * gc =
Ga * (gb * gc)'
o Identity element: There exists an element e € G,
s.t. Vge Gexg=g*xe=g.
e Inverse element: Vg € G,dg~
g*1 * g =e.
Group action: Let set X, and (G,o) be a group,
binary operation - : G x X — X, then group action
a:alg,z) = g -« following properties:

1 1

€G gxg =

e Identity: e-x =z, where e € G, z € X.
e Compatibility: Vg¢1,90 € G, z € X, a((g1 o
92), %) = (g1, a(g2, v)).

Equivariant map: Given X and Y are G-set, and
group action p: G XY — Y. Then a function f: X —
Y is equivariant if

flalg,z)) = p(g, f(2)). (1)

Partial-Equivariant map: Let subset of G be G’ C
G, then a function f: X — Y is a partial-equivariant
if

flalg',x)) = p(g', f(x)) where ¢ € G’ (2)

Homogeneous space: Let a group G act (on the
left) on a smooth manifold X via - : G x X — X.

The G-space X is called homogeneous if the action is
transitive, i.e., for all x,y € X there exists g € G with

g T =y

Exponential Family We introduce the conjugate
prior and posterior distribution of the exponential fam-

ily.

Power Density Function:

Px(x|0) = exp(07T(x) — A(0) + B(x)), (3)

where sufficient statistics T(-), log-normalizer A(-),
and carrier or base measure B(-) are known functions,
samples x from distribution, and natural parameter 6.

If observation is a set of independent identically dis-
tributed, then Eq. [3]is modified as

p(X|0) = H h(z,,)exp(07 ZT x,) — A(0)), (4)

where observation X = {x1,---xx} (Bishop} 2006)).

Conjugate Prior: Exponential family admits a con-

jugate prior:

q(0l¢,v) = exp(vTE —vA(0) + B'(¢,v)), (5)
where B'(+) is a normalize coefficient and v is evidence,

and it is expressed by prior natural parameter £.

Posterior: Let multiply the prior Eq. [5] by the Eq.
to obtain the posterior distribution in the form

N

o exp(07( Z

p(01X, ¢ v) (zn) +v€) — A(9)), (6)

where the evidence v, sufficient statistics T(-) and log-
normalizer, A(-) are known functions, samples X from
distribution, and natural parameter of posterior 8 and

of prior £ (Bishop, [2006).

3 Related Work

3.1 Statistical Approaches for Disentangled
Representations

Recently, various studies have focused on unsuper-
vised disentanglement learning. 5-VAE (Higgins et al.,
2017) penalizes the Kullback-Leibler divergence (KL
divergence) using weighted hyper-parameters. Factor
VAE (Kim and Mnih| 2018) and S-TCVAE (Chen
et al. [2018) are trained using total correlation (TC) to
encourage independent dimensions in a latent vector,
employing a discriminator and decomposed components
of the KL divergence term. However, these works are
based on the standard Gaussian prior.
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Figure 1: The overall architecture of our proposed MIPET-VAE. The invertible and partial-equivariant function
¥(+) for latent-to-latent (L2L) transformation consists of a symmetric matrix exponential to be 1) invertible and
2) partial-equivariant. Then 3) EF conversion module converges the distribution of unrestricted 2 to be EF
with L loss. Also, it applies KL divergence loss (Lg;) between the transformed posterior and prior, which are
expressed by the power density function of EF. In the last, EF conversion reduces the computational error (L.q;)

between approximated and true KL divergence.

Other VAE approaches implement other prior from
Gaussian distribution to transformed Gaussian distri-
bution, Gaussian mixture distribution (Dilokthanakul
et al., [2016) or von Mises-Fisher distribution (Davidson
et al., [2018). Mathieu et al.| (2018) shows that model
regularization with a Gaussian prior is inappropriate
to convey sufficient dataset information and for disen-
tanglement learning. Rather than using a Gaussian
distribution, we employed an exponential family with
high flexibility that encompasses a range of different
distributions. InteL-VAE (Miao et al., [2022) utilize
the invertible function to transform a Gaussian dis-
tribution to a complex distribution as |Mathieu et al.
(2018). Differently, we show a clearer relation of invert-
ibility to disentanglement and improve VAEs to use
its unrestricted form of prior. Differently, we consider
the recent disentanglement definition based on group
theory (Higgins et al.l [2018|).

3.2 Inductive Bias with Group Theory-Based

Approaches

Following the definitions of disentangled representation
learning based on group theory, several works have
emphasized equivariant and improved disentangled rep-
resentation learning. Commutative Lie Group VAE
(CLG-VAE) (Zhu et al., 2021)) proposed a direct map-
ping of the latent vector into Lie algebra to obtain a
group structure (inductive bias) with constraints: com-
mutative and hessian loss. Furthermore, Groupified
VAE (Yang et al.| [2022) utilizes the Spatial Broadcast
Decoder (Watters et al., |2019) to implement an equiv-
ariant function to the cyclic group while guaranteeing
the commutativity and invertibility of group actions.
Topographic VAE (Keller and Welling], [2021) combines

Student’s-t distributions with variational inference and
enforces rotated latent vectors to be equivariant. On
the other hand, we apply an unrestricted prior and
posterior for disentanglement learning.

4 Method

The overview of a VAE equipped with MIPE-
transformation is shown in Fig. [Il We aim to explain
the three core components of the MIPE-transformation.
In Section [£.I] we mathematically prove why the IPE-
transformation, which transforms latent vectors, better
preserves partial-equivariance when it is an invertible
and symmetric matrix. In Section we describe
EF-conversion, which extends the Gaussian distribu-
tion to a diverse exponential family distribution. Fi-
nally, in Section 4.3} we illustrate how multiple IPE-
transformations and EF-conversions can be integrated
into a VAE-based model for disentangled representa-
tion.

Notation We denote g; € Gy,g91 € G, andgr € Grp.
M, (R) is n x n real matrix, Eys is {€M|M € M, (R)},
Eg is a set of {e°]S € Sym,(R)}, and G5 is a group
Gs : (e®, %), where  is a matrix multiplication (equal
to commutative). Further details are in Appendix@

Assumption Let’s assume that 1) encoder ¢,(-) is a
partial-equivariant function, 2) X', Z’, and Z' are ho-
mogeneous space of group G, G, andGr, 3) G C
GL,(R), where GL,(R) is the general linear group,
and 4) matrices are restricted to a compact subset
K C M,(R) and probabilities are defined with respect
to the normalized uniform probability measure p on K
(a modeling assumption motivated by finite-precision
implementations).



Multiple Invertible and Partial-Equivariant Function for Latent Vector Transformation to Enhance to

Homogeneous space 2/ with best ()

Homogeneous space Z/ with worst 1(+)

a4 ()

YO |, 5

w0, 0

OO

(a) Visualization of homogeneous space (red) as best and worst L2L transformation ()

(b) Venn diagram of groups

Figure 2: The homogeneous space Z’ is induced by the encoder g4, and the cardinality of the z7 depends on the

latent-to-latent (L2L) transformation.

4.1 Partial-Equivariant Function and
Invertible L2L Transformation

Why Should L2L Transformation be Equivari-
ant? We transform the latent vector z sampled from
a Gaussian distribution to the transformed latent vector
2z to be sampled from a different distribution. How-
ever, not all L2L transformations preserve the partial-
equivariance of encoder condition. As illustrated in
Fig. we choose ¥ to mazimize the cardinality of
the homogeneous G%—space induced in latent space:

P = arg |27 ()|, (7)

max
PEMnp (R)

where G act on the latent space via o and de-
fine Z7(¢) := {alg,2) | g € G4}. As a homoge-
neous G:-space, fixing a base point 2y determines
all elements a(g, 29). If the latent space factors as
Z = 21 X -+ X ék and the action is componentwise,
then every (g, 29) with ¢ € G1 x -+ X G}, is also
disentangled (Higgins et al., [2018).

Equivariance Property with Symmetric Matrix
Exponential We prove that an invertible and sym-
metric matrix preserves partial-equivariance better
than other matrices for Eq. We show that 1) a
group with symmetric and invertible matrices guaran-
tees equivariance of ¢(-) over the specific group Gg, 2)
this ¢(-) being equivariant over subset of symmetries
between the input space and transformed latent vector
space (equal to be a partial-equivariant), and 3) the
invertible and symmetric matrix (symmetric matrix
exponential) increases the probability of 1(-) to be in
the group (equal to satisfy Eq. .

For the generality of our method, we consider an arbi-
trary VAE model that has no restriction on creating
intersections to any set as Fig.

Proposition 4.1. Any ¢(-) € Gg, notated as Paq(-),
is equivariant to group Gg.

Proof. The group Gg is closed to matrix multipli-
cation, and its element is always a symmetric ma-
trix by definition. Then, any two elements in Gg
are commutative because if matrix multiplication of

two symmetric matrices is symmetric then both are
commutative by Lemma As a result, ¥g,()
and group elements of Gg are commutative (Gg is
an abelian group). Because of the commutativity,
as(gs 0 2) = Sguz = geeSz = gy 0 Yy (2) for
gs € Gg if the group action o is set to matrix mul-
tiplication, where g, € Ggs. This equation satisfies
the general definition of an equivariant function Eq.
by matching f, g, and G to ¥qy, ¢s, and Gg, respec-
tively. B

Proposition 4.2. If q4 is equivariant over defined
on group of symmetries G{ and G{, then Va4 (qs(-))
is equivariant to symmetries in Gy corresponding to
GsNGyp (G7) and Gr corresponding to Gs NG, (G.)
by the equivariance of qg.

Proof. The function g4 (-) is an equivariant function
over group elements in Gg N G, by Proposition (1]
Then, the composite function, g, (-) and gy, is an
equivariant function of GY and G¥. Let gf € GY,
and g7 € Gy. Then, wcs( 171) = givas(z1) =
91Yas(z1). B

Therefore, the invertible and symmetric matrix is a
partial-equivariant function between the data space
and transformed latent vector space. More details are

in Proposition B2}
Let P(G) := % by the assumption 4 in section

and Pr(vg () € G) = P(y(:) € G|l¢() € G') after
VAE training.

Proposition 4.3. Pr(¢yg.(-) € Gs) > Pr(vg,,(:) €
Gs) > PT(’L/)M() S Gs).

Proof. All e® € Eg are in E) since Sym,,(R) C M, (R).
However, Ey; ¢ Eg because €5 is always symmet-
ric, but e can be an asymmetric matrix. There-
fore Eyy ¢ Eg. Therefore, the conditional prob-

ability Pr(¢vges(-) € Gs) = igi; is greater than

Pr(Yp, () € Gs) = Hg=h
P(Gs)

because Eyy C M, (R) and non-invertible functions are
only in M, (R). More details are in Proposition |

In the same way,
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Therefore, g, clearly increases the probability of Eq.
because the group G, is obtained (|Z£7 ()| is fixed) by
our assumption that g, (-) is a partial-equivariant. It
implies that symmetric and invertible properties for a
matrix are necessary to preserve partial equivariance.

The probability Pr(¢g.(-) € Gs), Pr(vg,, (-) € Gs),
and Pr(ya () € Gg) is changed by the distribution of
the observation of 9 (-), which depends on the model pa-
rameters. However, the inequality Pr(vyg,(-) € Gg) >
Pr(yg,(-) € Gg) > Pr(¢¥m(-) € Gg) is not changed
regardless of the distribution of observation of 1 (-). We
empirically validate the impact of equivariance with
the uncertain P(-) to disentanglement in Section

Invertible Property by Using Matrix Exponen-
tial To guarantee the invertible property of IPE-
transformation, we use a function 9 (-) = eM x - for
the transformation, where M is in n X n real number
matrix set M, (R) (Xiao and Liu, 2020). The operator
* is matrix multiplication, and e = Y"° A,;[—,k Our
motivation is to use the benefits of injecting explicit
inductive bias for disentanglement (Locatello et al.|
2019; Miao et al.l [2022)). Intel.-VAE effectively ex-
tracts hierarchical representation, which includes low-
level features (affect to a specific factor) and high-level
features (affect to complex factors) with an invertible
transformation function (Miao et al., [2022)).

4.2 Exponential Family Conversion for
Unknown Prior

In VAE frameworks, the Gaussian normal distribution
is applied as a prior. However, a prior from data is
usually unknown and may not follow the Gaussian dis-
tribution (Miao et al., 2022)). As a solution, we present
a training procedure for VAEs to build an exponential
family distribution from a latent variable of an arbi-
trary distribution. Then, we introduce training losses
obtained from the unit IPE-transformation function
and EF-conversion.

Elements of Exponential Family Distribution
Settings As introduced in Bishop| (2006)); |Charpen-
tier et al.| (2022), we assume exponential family always
admits a conjugate prior Eq. |5l To determine the nat-
ural parameter of posterior and prior 8z, and €,,, we
use a natural parameter generator (NPG) designed
by multi-layer perceptron (Charpentier et al., 2022).
However, generated natural parameter 83 is not guar-
anteed as the appropriate parameter of the exponential
family corresponds to conjugate prior. To satisfy this
condition, we assume observation is a set of indepen-
dent identically distributed, then we follow Eq. [

Distribution Approximation As an Exponential
Family By our exponential family settings, a poste-
rior distribution in the exponential family by adopting
the following Eq.[6] The evidence is implemented as
learnable parameters v € R™*"™ and natural parameter
is generated by a multi-layer perceptron as|Charpentier
et al. (2022). This general form approximating an expo-
nential family distribution with learnable parameters
can extend VAEs to use a wider distribution for latent
variables by simply matching X to generated latent
variables. After IPE-transformation, we can apply the
form by using the 2,,, 03, and . for X, 6, and &,
respectively as shown in Fig.

EF Similarity Loss To maximize Eq. [f] to be an
exponential family, we added a loss through a Lagrange
multiplier as:

maximize logp(0z,, |2m,0¢,,, Vm)

s.t. DL(fe(0z,)|| fo(z0e,,)) 20

(8

= Ls(2m,€m) = logp(0s,,|2m, 0¢,,, Vm) ©
+ A7rLDKL(fa:(x|92m)|‘fx(m|0ém))

: £el :: ||V£’77L7é"727A’NLLS||§. (10)

)

The notation 6y, is a generated natural parameter by a
given k € {£,0}, and f,(x|0) is a power density func-
tion of the exponential family. Moreover, \,, is a train-
able parameter for optimizing the Lagrange multiplier,
and Dkr,(fz(x|0s,,)|| fz(x]0e,,)) is a KL divergence of
the exponential family.

KL Divergence for Evidence of Lower Bound
We compute the KL divergence of the exponential
family in Eq. [9] using the learnable parameter 7'(-) and
A(-) with given natural parameter 83 and 0¢, expressed
as:

Ly = Dxi(fz(2|0z,,)|f2(x]0e,,)) (1n)
= A(gé) — A(02~) + OEV(;ZA(BZ*) — O;IVQEA(QG)
Further details are in the Appendix

KL Divergence Calibration Loss Although KL
is invariant under a common invertible map v (Miao
et al.l 2022)), practical approximations (e.g., matrix-
exponential) can break this. We therefore add a con-
sistency regularizer that penalizes the gap between
empirical KLs before and after applying :

Leati = MSE(Dkw(g4(2|) || po(2)), DkL(fa(®6z2,,) || f(x]6e,.)))
(12)
which is the KL divergence calibration loss (Lcqi;)-

Implicit Semantic Mask We propose an implicit
semantic mask to improve disentanglement learning.
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Table 1: Performance (mean =+ std) of four metrics on dSprites, 3D Shapes, and 3D Cars.

s FVM 1 MIG t SAP 1 DCI 1
STt
prites original MIPET original MIPET original MIPET original MIPET
B-VAE 69.15(4+5.88) 74.19(£5.62) 9.49(+8.30) 19.72(£11.37) 2.43(£2.07) 5.08(42.90) 18.57(+12.41) 28.81(£10.19)
B-TCVAE  78.50(+7.93) 79.87(+5.80) 26.00(£9.06) 35.04(+4.07) 7.31(£0.61) 7.70(£1.63) 41.80(£8.55) 47.83(£5.01)
Factor-VAE  67.78(+7.48) 68.38(£8.55) 14.67(+10.40) 19.31(£13.46) 2.35(+2.32) 4.24(+3.36) 22.58(+8.50) 30.18(+12.99)
CLG-VAE 79.06(£6.83) 81.80(+3.17) 23.40(+7.89) 36.34(+5.55) 7.37(£0.96) 8.03(+0.83) 37.68(£7.83) 44.73(£5.11)
Control-VAE 62.36(+8.62) 67.71(+6.41) 4.36(£2.86) 7.34(£4.10) 2.11(£1.88) 1.93(£1.63) 10.40(£3.42) 15.18(+4.61)
FVM 1 MIG 1 SAP 1 DCI 1
3D Shapes —
original MIPET original MIPET original MIPET original MIPET

B-VAE  T1.76(+12.26) 75.19(+8.16) 37.33(+22.34)
B-TCVAE  76.62(+10.23) 80.59(£8.57) 52.93(20.5)
Factor-VAE  77.43(+10.71) 78.34(+8.35) 24.23(:26.13)
CLG-VAE  77.04(+8.22) 80.17(+8.43) 49.74(+8.18)

( )

47.37(+10.13)  7.48(+4.12)
54.49(+9.44) 10.64(£5.93) 11.58(£3.32) 65.32(+11.37) 66.22(+7.32)
48.59(+10.58) 4.99(44.46)
53.87(+7.41)

9.20(+2.44) 52.07(+17.92) 54.95(+8.99)
9.84(£2.73) 68.68(£12.92) 60.23(+9.90)

9.20(£2.44) 12.83(£3.01) 57.70(£8.60) 60.74(£7.77)

Control-VAE 71.05(£14.35) 71.89(+8.33) 24.88(+13.68) 32.28(+10.74) 6.60(+3.59) 7.14(+2.09) 40.08(+£13.45) 43.06(+8.68)
FVM 1 MIG 1 SAP 1 DCI 1
3D Cars
original MIPET original MIPET original MIPET original MIPET

B-VAE 89.48(+5.22) 88.95(£5.94)  6.90(£2.70) 7.27(+£1.99) 1.30(+0.48) 1.88(+1.12) 19.85(+4.87) 18.90(+4.49)
B-TCVAE  95.84(£3.40) 96.43(£2.42) 11.87(+2.90) 10.80(£1.22) 1.55(+0.38) 1.88(+1.12) 27.91(£4.31) 26.08(£2.47)
Factor-VAE  89.64(+2.62) 93.66(+3.83) 10.63(+1.30) 9.43(+1.12) 2.51(£0.37) 3.28(+0.83) 26.27(£3.17) 23.13(£0.72)
CLG-VAE  86.11(£7.12) 91.06(£5.09) 6.19(+2.42) 8.51(£2.11) 2.06(£0.60) 1.99(+0.93) 16.91(+4.01) 18.31(+2.83)
Control-VAE 88.76(+7.66) 89.10(+6.90) 4.68(+2.67) 5.08(+£2.68) 1.16(+0.74) 1.45(+0.86) 14.70(+3.84) 15.22(+4.15)

We apply mask matrix M which consists of 0 or 1 ele-
ment to log-normalizer to prevent less effective weight
flow as:

My = Vil 2wy = Ao (13)
0 otherwise
where W is the weight of log-normalizer, X\ is a

hyper-parameter, yyy,;|, and oy, ;| are the mean, and
standard deviation of weight respectively. Previous
work (Yang et al.l 2020) utilizes a semantic mask in
input space directly, but we inject the semantic mask
implicitly on the latent space.

4.3 Integration for Multiple
IPE-Transformation and EF-Conversion

We mathematically extend IPE-transformation to
MIPE-transformation, which is the equivalent process
of B-VAE to enhance disentanglement. Each IPE-
transformation function operates independently, then
the reconstruction error for objective function is defined
as:

k
ZE(M (z]z) log o (x[¢i(2)) (14)

k
1
= 4 2 Fayy, (zile) Log o (@[3(2))

kr.(4s,0; (2|2)] [Py (2))-
(15)

However, following Eq.[I5] k samples are generated, and
each sample is disentangled for different factors. We

implement the output as the average of the sum of the k
samples to obtain a single sample with a superposition
effect from k samples. Moreover, the KL divergence
term in Eq. represents that increasing number of
MIPE-transformation is equal to an increasing 8 hyper-
parameter in 8-VAE (Higgins et al., 2017)) and more
details are in Appendix [C]

The VAEs equipped with MIPE-transformation
(MIPET-VAEs) can be trained with the following loss:

= Lrec - ['k:l - £el

£(¢a9a¢ie[1,k]§m) — Leari- (16)

5 Experiment Settings

5.1 Models

As baseline models, we select VAE (Kingma and
Welling, [2013)), S-VAE (Higgins et al., [2017)), 3-
TCVAE (Chen et al., 2018), Factor-VAE (Kim and
Mnih} [2018)), Control-VAE (Shao et al.2020),and CLG-
VAE (Zhu et all) 2021). These models are compared
to their extension to adopt MIPET, abbreviated by
adding the MIPET prefix. Also, we follow the same
model architecture which are introduced in previous
works (Kim and Mnih} |2018)) and model details are in
Table [6H7

5.2 Datasets

As in prior works (Chen et al., [2018; Higgins et al.,
2017; [Keller and Welling}, |2021; |[Kim and Mnihl 2018;
Yang et al., [2022; |Zhu et al., [2021)), we primarily
evaluate our models on synthetic datasets, where
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Table 2: Impact of the number of MIPE-transformation function on the S-TCVAE and 5-VAE with dSprites, 3D
Shapes, and 3D Cars datasets in terms of the four metrics. The blue and red box plots represent each model’s
single and multiple IPE-transformation cases, respectively (A-n: MIPET-S-TCVAE (4), B-n: MIPET-8-TCVAE
(6), C-n: MIPET-3-VAE, n: the number of MIPE-transformation). Further details are in Table @
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Table 3: Impact of the mask (mean=std.) and its ratio A in Eq.[13|on 3D Cars. (co: no masking case, gray box:
the best setting over all metrics, bold text: the best in each metric.) Each model runs with ten random seeds.

ratio B-VAE (1) [ CLG-VAE (0.5)
by FVM T MIG T SAP T DCI T FVM T MIG T SAP T DCI T
0.0 90.46(£6.50) 4.84(F£2.32) 1.29(£0.81) 16.76(£4.68)
0.5 91.35(£5.52) 5.37(£2.74) 1.17(4£0.67) 16.65(43.76) 88.69(£4.78) 6.90(£1.96) 1.85(£0.67) 17.52(£3.16)
1.0 91.78(46.20) 4.99(42.27) 1.36(40.81) 16.50(42.53) 83.60(£11.48) 8.12(£3.66) | 2.37(£1.50) 17.07(43.89)
1.5 84.76(+6.86) 7.70(£2.11) 2.05(40.73) 17.06(£2.77)
2.0 87.79(18.88) 4.75(42.49) 1.01(40.99) 16.64(+£3.75) 85.78(+4.18) 7.83(+1.79) 1.91(40.96) 17.26(42.07)
oo | 89.43(£11.72) | 3.74(£2.32) | 0.77(£0.39) | 15.45(E4.59) || 82.96(E11.84) 8.07(£2.52) 2.32(£1.02) 17.46(F£4.07)
3D Shapes

learning disentangled representations remains a well-
known challenge (Burgess and Kiml 2018; [Matthey|
let all [2017; Reed et al) [2015). We benchmark
MIPET-VAEs against several standard VAEs on the
dSprites (Matthey et all 2017), 3D Shapes (Burgess

and Kim)| [2018), and 3D Cars (Reed et al., |2015)

datasets. Further details are in the Appendix [D.2]

5.3 Training

We set 256 mini-batch size in the datasets (dSprites, 3D
Shapes, and 3D Cars), Adam optimizer with learning
rate 4 x 1074, 81 = 0.9, By = 0.999, and epochs from
{30,67,200} as a common setting for all the compara-
tive methods. In addition, we set masking ratio A from
{0.0,0.5,...2.0,00}. We then evaluate familiar bench-
marks, FVM score (Kim and Mnih, [2018), MIG (Chen,

et al.| [2018), SAP (Kumar et al., [2018]), and DCI (East-
wood and Williams), 2018)). Further details are in the

Appendix D3]

6 Results and Discussion

6.1 Quantitative Analysis

Disentanglement Metrics We set the number of
IPE-transformation functions to be equal to balancing
hyper-parameter 8 on S-VAE because of Eq. The
number of IPE-transform functions of S-TCVAE is 3.
However, in the case of CLG-VAE, we set it to 1 because
its approach is based on the group theory, not directly
controlling a KL divergence term such as S-VAE. We
average each model performance value with 40, 20, 60,
10, and 30 cases in VAEs, 5-TCVAESs, Control-VAE,
Factor-VAE and CLG-VAEs, respectively.

Floor
Wall
Object
Scale
Shape " H =
orien. F*"E N N 1 N ILBCEEN BN |

MIPET-B-VAE

Figure 3: Each square represents a value in the DCI
matrix, which describes the relationship between the
it" latent dimension and each factor. The size of each
square is relative to the values within each row. The
ideal case resembles a sparse matrix. The y-axis rep-
resents the factors of each dataset, while the x-axis
corresponds to the latent vector dimensions. The num-
ber shown in each row of the matrix indicates the
maximum value and standard deviation of that row.
Higher maximum and standard deviation values sug-
gest greater sparsity, indicating closer alignment with
the ideal case.

As shown in Table [I, MIPET-VAEs disentanglement
performance is broadly improved with four metrics
on each dataset. In particular, most FVM results
significantly affect the model performance and stabil-
ity on all datasets. Therefore, our proposed method
obtains a specific dimension that corresponds to a spe-
cific single factor. These results imply that applied
to MIPE-transformation functions on VAEs elaborate
disentangled representation learning.

Sensitivity to the Number of IPE-
transformation and EF-conversion We analyze
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Table 4: Ablation study for the equivariant property (w/o E) and EF-conversion (w/o EF). Each metric is
averaged over 40 and 20 settings of 5-VAE and B-TCVAE, respectively.

D GVAE G TCVAE Factor VAE CLG-VAE

S0P TN IPRT w/oE w/o EF MIPET w/o E w/o EF MIPET w/o E w/o EF MIPET w/o E w/o EF
FVM  75.19(£8.16) 74.91(£10.46) 22.27(£1.29) 80.59(L8.57) 77.00(£8.66) G6.38(L7.57) 78.34(k835) 7150(£6.78) 59.28(+5.15) 80.17(+843) 69.75(+6.91) 6155(%9.05)
MIG  47.37(10.13) A7.45(£8.98) 0.28(£0.09) 54.49(£0.44) 5137(:11.54) 36.08(£17.42) 48.59(£8.35) 42.25(+11.28) 32.67(£10.49) 53.87(£7.41) 45.92(£4.77) 33.80(£3.46)
SAP  020(+2.44) 9.43(£2.50) 0.26(£0.07) 11.58(+3.32) 1023(£3.13) T7.13(£3.09) 90.84(%2.73) 8.19(20.69) T.0A(£0.87) 12.83(£3.01) 50.14(£5.43) 46.66(:4.81)
DCI  54.95(+8.99) 5423(£0.05) 0.10(£0.02) 66.22(£7.32) 61.15(:8.87) 56.85(£11.72) 60.23(£9.90) 50.65(+6.85) 48.83(£5.37) 60.74(£7.77) 50.14(d5.43) 46.66(4.81)

Beta Distribution

MIPET-VAE (w/o semantic mask)
® Output

VAE MIPET-VAE
® Dataset ® Posterior

(a) Posterior visualization with Beta distribution

2D beta distribution 2D Dirichlet distribution

4 l
B3 ,g,

-l

® Dataset ® Output @ Posterior1 @ Posterior2

(b) Posterior visualization of MIPET layer

Figure 4: Non-Gaussian posterior learned by an IPE
module without intended guidance to a specific distribu-
tion in a toy setting. We compare VAE, MIPET-VAE;,
and MIPET-VAE without a semantic mask to assess
how well each model captures the underlying distribu-
tion. We construct the VAE with a 4-layer Multi-Layer
Perceptron (MLP) as the encoder and a single linear
layer as the decoder. Blue plots are randomly sampled
from a two-dimensional beta distribution, red plots are
the posterior, and black plots are the output results.

the impact of the MIPE-transformation function.
As presented in Table [2] MIPE-transformation
outperforms IPE-transformation in disentanglement
learning across all datasets. Indeed, the results of
MIPET-38-VAEs more generally and clearly demon-
strate the impact of the MIPE-transfomation function.
Our derivation in Section [C] clearly explains the
impact of MIPE-transformation. This result shows the
impact of the multiple uses of IPE-transformation and
EF-conversion.

Impact of Implicit Semantic Mask We set mask-
ing hyper-parameter A from {0.0,0.5,-- ,2.0,00}, and
each model has different A for best case. In Table
VAE and CLG-VAE with masked log-normalizer show
better and well-balanced results than the models with-
out masking, which implies improvement of disentan-
glement.

Ablation Study We conduct an ablation study to
evaluate the separate impact of equivariant property
and the EF-conversion. We have already presented
the impact of the multiple uses of IPE-transform and

EF-conversion in the previous paragraph. We evaluate
the impact of the other properties by setting MIPE-
transformation 1) without equivariant (w/o E), which
is implemented as an asymmetric matrix, and 2) with-
out EF-conversion (w/o EF). To exclude group theory
interference with other methods, we select 5-VAE and
B-TCVAE. As the results are shown in Table [d] most
of the results show that MIPET-VAEs performance is
better than other cases. In particular, MIPET (w/o
EF) results are lower than MIPET (w/o E) results and
are clearly shown in all cases.

6.2 Qualitative Analysis

Relation Between Factors and Latent Vector
Dimensions As shown in Fig. [3] our model shows a
close to sparse matrix compared to the 5-VAE result in
3D Shapes, also the maximum value and standard devi-
ation of each row are larger than S-VAE. This indicates
that our model achieves better alignment of individual
factors with specific latent dimensions compared to
other methods. More details are in Appendix [D.4

The Impact of IPE-transformation The IPE-
transformation v (+) is designed to achieve two objec-
tives: 1) to represent a non-Gaussian exponential family
distribution as the posterior, and 2) to preserve the
inherent structure of the dataset. To assess the first
objective, we construct a toy dataset sampled from
a beta distribution (additional cases are provided in
Appendix and configure the decoder as a single
linear layer, noting that the linear transformation of a
Beta distribution remains within the same family. As
shown in Fig. [4a] the posterior learned by MIPET-VAE
(red dots) closely approximates the beta distribution,
whereas the posteriors of VAE and MIPET (without
the semantic mask) retain Gaussian distribution. Re-
garding the second objective, MIPET-VAE exhibits
improved preservation of the dataset structure relative
to VAE (black dots). Additional experimental details
are reported in Appendix [D.7]

Does Each IPE-transformation Indepen-
dently Operate? We demonstrate how each
IPE-transformation represents the exponential family.
As shown in Fig. b, each IPE-transformation
represents a different distribution because the green
and red plots are distributed in different posteriors,
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Figure 5: Qualitative results on various datasets, which show the factors learned for each dimension of z.

even though all IPE-transformations share the same
decoder weights.

Disentanglement of Factors Across Latent Di-
mensions We randomly sample an image for each
dimension of the latent vector space and creates 5 vari-
ants of its generated latent vector by selecting values
from {-2, 2} with 5 intervals for the dimension, then
generate their corresponding output images. For the
generation, we select S~-TCVAE (6), which shows the
best FVM scores in dSprites dataset. Thereafter, we
evaluate the semantic roles of each dimension before
and after applying MIPE-transformation function.

In Fig. B-TCVAE struggles with rotation and y-
position, as shown on the 3" row, and with scale and
shape represented on the 4 row. On the contrary,
MIPET-S-TCVAE separates rotation and y-position
factor (4*", and 5" rows). Applied our method on
B-TCVAE shows better disentangled representation
on dSprites dataset. These results also show that our
proposed method improves disentangled representation
learning. As shown in the Fig. CLG-VAE struggles
with shape and wall color factors in 2" dimension,
and shape and object color factors in 3" dimension.
In particular, it struggles with three factors in 5t*
dimension. On the other hand, MIPET-CLG-VAE
separates shape, wall, and object color factors. The
qualitative analysis with 3D Cars dataset, as shown

in Fig. the left side is the S-TCVAE result, and
it struggles with azimuth and body factors shown in
the 2"? row. However, MIPET-8-TCVAE separates
azimuth (4*" row) and body (1** row). In particular,
MIPET-3-TCVAE learns color factor (2"¢ row) which
does not exist on S-TCVAE. Furthermore, our model
shows improvement on the CelebA [Liu et al. (2015)
dataset, as shown in Fig. B-VAE struggles with
most factors of the dataset, but ours separates all
factors.

7 Conclusion

In this paper, we address the problem of injecting in-
ductive bias for learning unsupervised disentangled
representations. To build the bias in VAE frame-
works, we propose MIPE-transformation composed
of 1) IPE-transformation for the benefits of invert-
ibility and partial-equivariance for disentanglement,
2) a training loss and module to adapt unrestricted
prior and posterior to an approximated exponential
family, and 3) integration of multiple units of IPE-
transformation function and EF-conversion for more
expressive bias. The method is easily equipped on
state-of-the-art VAEs for disentanglement learning and
shows significant improvement on dSprites, 3D Shapes,
and 3D Cars datasets. We expect that our method can
be applied to more VAESs, and extended to downstream
applications.
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fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research

with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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A Notation and Groups

Table 5: Terms and Notations

U(+) Invertible function

z Latent vector from encoder

Zm Transformed latent vector by 1y, (-)
0, Natural Parameter of posterior

ém Transformed prior samples by 1, (+)
O, Natural Parameter of prior

A Log-Normalizer

T Sufficient Statistics

v Evidence

S () Power Density Function

GL,(R)  General Linear Group

M, (R) A set of n x n real matrix

Sym,(R) A set of n x n symmetric real matrix
Ey {eM|M € Mn(R)}

Es {e%]S € Symn(R)}

(V0] () € Mn(R)
’l/)Es() d)Es(') € Es
wEM(’) wEM(') € By

Gs Gs: (e%,%)

Gy Group of input space for symmetries

G, Group of latent space for symmetries

Gr Group of transformed latent space for symmetries

J GsNGy

G{ Group of input space for symmetries corresponds to J

G{ Group of latent space for symmetries corresponds to J

Gi Group of transformed latent space for symmetries corresponds to J
X Input space

Z Latent vector space

z Transformed latent vector space

z' Homogeneous space of group G (homogeneous Gp-space), Z' C Z
Z' Homogeneous space of group G (homogeneous Gr-space), 2/ C Z
zJ Homogeneous space of group G (homogeneous G.-space), ZlCz
Dky(-]]-)  Kullback-Leibler divergence

0 zero vector

0, n by n zero matrix

Notation. We denote g; € Gy, g1 € G, and gr € Gr. Let M,(R) be the set of n x n real matrices and
Sym,, (R) the set of real symmetric matrices. For any set A C Sym,, (R), define exp(A) := {exp(S) | S € A}. We
write Ep := {exp(M) | M € M, (R)} and Eg := exp(Sym,,(R)).

Standing assumption on Gg. We assume a pairwise-commauting symmetric set S C Sym,, (R), i.e., [S1,52] =0
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for all 51,55 € S. Then we define
Gg :=exp(S) = {exp(9) | S € §} ¢ GL,(R),

with the group operation given by the usual matrix multiplication “x”.

B Proof

Lemma B.1 (Abelian Lie subgroup). If S C Sym,,(R) is pairwise-commuting, then (Gg,x*) is an abelian Lie
subgroup of GL,(R). In particular, Gg is closed under multiplication and inversion, has identity I = exp(0), and
18 commutative.

Proof sketch. Since all S € S commute and are symmetric, they are simultaneously diagonalizable by some
orthogonal matrix Q: S; = QA;Q" with diagonal A;. Hence exp(S;) = Qexp(A;)Q" are symmetric positive
definite and commute. Moreover, for any Si,Sy € S, the Baker—Campbell-Hausdorff formula reduces to
exp(S1) exp(S2) = exp(S; + S2) because [S1,S2] = 0. Since S; + S € S, we have closure. The inverse is
exp(9)~! = exp(—9) and —S € S§. Commutativity follows from [Sy, So] = 0. Smoothness of exp implies G5 is a
(abelian) Lie subgroup. O

Proposition B.2. By the Lemma if g is equivariant over defined on group of symmetries G and G,
then Yag(ge(+)) is equivariant to symmetries in G corresponding to Gs NG, and G corresponding to Gs N G,
by the equivariance of qg.

Proof. The function ¢, (-) is an equivariant function over group elements in Gs N G, by Proposition Then,
the composite function, ¥4 (-) and gy, is an equivariant function of Gy corresponding to Gs N G, and Gr
corresponding to G5 NGy. Let gf be a group element in Gg NG, and g is a group element in G corresponding
to Gs N GL, and g is a group element where corresponding to Gs N G, on the latent vector space transformed
from the original latent vector space. Then, group element g3 is equal to gj:

21 = Ygq(21),and (17)
2y = Yas(22) = Yas(9721) = givbas (1) (. Prop. ), (18)
then g7 ey (21) = g1as (1) (. 22 = g721)
= (97 — 97)vas(21) = 0,

where 0 is a zero vector. Eq.|19|is defined when Vz € Z by the equivariance definition. In other words, Eq. [19]is
satisfied only if the kernel (linear algebra) of g7 — g7, notated as ker(gi — g7), includes the basis of R vector
space. If the standard basis of R™ vector space is in ker(gi — g%), then (gi — g%) = 0,,p, where 0, ,, is an n by n
zero matrix. Other bases of R™ vector space are expressed by the standard basis. Therefore gi — g% =0, ;.

(19)

Then, g, (9721) = gives(z1) = g4bgs(21). The encoder is an equivariant function over input space X
as q¢(g}7 T) = giq¢(m1). Mixing two equivarience property, we can derive another equivariance relation
9365 (gs(x1)) = Yas(ge(gf 1)) This result implies that the equivariance between input space and a latent
space is preserved for Gg N G, if the latent vector z is transformed by ¢¥g,.H

We show that g4 preserves equivariance between Gi and G{ . If there exists equivariant function between input
and latent vector space, there should be a group G, for a latent space and its corresponding group G in an
input space by definition of equivariance (g4(grz) = gr.ge(x)). In other words, g (-) guarantees to preserve the
equivariance of 12L-transformation to certain symmetries in Gg N G, after IPE-transformation as shown in Fig.
Let P(G) := “(ﬁ%() by the assumption 4 in section and Pr(¢yg (1) € G) = P(¢¥(-) € GlY(-) e G') = nggg,(i/)
after VAE training. Then,

Proposition B.3. Under Assumption 4, the following probability inequality holds: Pr(¢yp(-) € Gg) >
Pr(yg, (-) € Gg) > Pr(¢Ym(-) € Gg), where probabilities are defined with respect to the normalized uniform
measure on a compact subset K C M, (R).

Proof. Since Gg C Es C Ey C M, (R),

_ P(GsNBs) P(Gs) _ p(GsNK)
Pr(¢pg() € Gs) = P?ES) — = P(Ez) B u(EzﬂK)’

(- Gs C Es)
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P(GsN Ey) . P(Gs) _ w(Gs NK)

Pr(’l/)EM() € GS) = P(EM) = P(EM) - M(EM n K)’ ( Gs C EJVI)
G n G G
Pr(on() € Gs) = MG = SOy = sn gy (O Val®)

where p is the normalized uniform measure on K. Because Gg C Eg C Eyy € M,,(R) and all denominators are
finite by compactness of K, the ratios satisfy

wWGs NK) - wWGs NK) S wGs N K)
pEsNK) ™ wEynK) ™ pM,RNK)

Thus the stated inequality follows. l

B.1 KL Divergence for Evidence of Lower Bound

The KL divergence of Gaussian distribution (Kingma and Welling| |2013)) is computed using mean and variance,
which are the parameters of a Gaussian distribution. To introduce a loss as the KL divergence of Gaussian
distribution, we compute KL divergence of the exponential family in Eq. |§| using the learnable parameter T'(+)
and A(-) with given natural parameter 8z and 6., expressed as:

Ly = Dk (fz(x]0z,,)| fo(x]0e,,)) (20)
= A(0:) — A(0:) +01Ve, A(6:) — 01V, A(6e).
Because D1, (fz(x]0z)||f=(x|0¢)) is followed as:
Dic(a(@10:)1fa(@166)) = [ fo(al6:)l0g fo(al6:)da
(21)
— [ atalos) 08 folal0o)ca
We designed sufficient statistics as matrix multiplication (multi-layer perceptron). Then,
| telalb)ion fu(alosyte = [ fuale) )
[0IT(x) — A(6:) + B(z)|dz
Expanding the Eq. and ffooo fa(x|0z)dx = 1, then
/oo fo(@]02) log fu(2]0:)da = —A(6;) + O] /oo T(@) o (x02)de
J —oo J —0o0 (23)

+/00 B(x) fo(x|0s)d.

Expanding ffooo fa(x|02)log fr(x]|0:)dx using Eq. 22 and [23| and plug into Eq. [21| with Eq. we have
Dk (fa(]0z)[| fz(2]0c)) = A(6e) — A(6z)
0. [ T(@)fs(al6:)dz 2

—6/ 2) fa(102)da

The gradient of the log-partition function with respect to the natural parameters yields the expected value of the
sufficient statistics: Vo A(6) = Ep(2.0)[T(2)] (Bishop, |2006). Then the mean of the sufficient statistic is followed
as:
e _ 0A*(8) _ 0A(9) ARy AT A*
/ﬂoT(w)fm(m\B)dw - R ae) =, (25)
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where A*() is a true log-partition function of the exponential family (ideal case of A(-)). However, estimating A*
is difficult, and there is no direct method without random samplings, such as mini-batch weighted sampling or
mini-batch stratified sampling (Chen et all|2018)). Then, we approximate A* to A, and train A to be close to A*.
Plugging Eq. 25]into Eq. 23] then we have

[ fuloxlos)tos ulalo) = —(02) + 077502

+/jo fa(x|0)B(x)dx

Applying same work to f fa(x|02)log fo(x|0:)dx and plug into Eq . with Eq. [26] then the final Kullback-
Leibler divergence of exponentlal family is followed as:

(26)

D (fo([0:) | ful]0)) = AB) — A:) + 07 7A02) _ gr0A(0e)

z 09 € 00@ : (27>

C Objective Function

We mathematically extend IPE-transformation to MIPE-transformation, which is the equivalent process of 5-VAE
to enhance disentanglement. Each IPE-transformation function operates independently, then the reconstruction
error for objective function is defined as:

/ql(zz|w log po(x|2;)dz; H /q] z]a:)dz]]

=hiA (28)

q¢,v; (2|x) lnga(mW}z( ))

R‘M—‘

1 k
rec::EE
k

“r 2"

where 2; = ¢;(z). Becuase the log likelihood of p(x) can be derived as follows:

log po( /qu zi|z) log po(2)d2 (29)

where d2’ = d2;d2,---d2;. Expanding Eq. as logpg(z) = log —p;ii;? z}j;; = log —pq e((zmlzzlzzsz‘zmzc)) -
lo Po(21,22,,2k|T) Then
8 4(21,%2, 2 lw)

p@(m 21,2,'2,-' ) 2 ) A/
1 izl dz 30
og po(x /quzlw B g i) (30)
Expanding Eq. [30] then
k
log py(x) = /Hqi(ﬁilw){logpe(:c|21,22,--- )
i=1 (31)
T log PELE 0,2 )]d”
(21,22, Z|@)
The first term of Eq. [31]is expanded as:
SR . 21,22,..., 2@ x
po(@|21, 2, .., 2) = POLELZ - Bul@po(@), (32)
po(21,22,. .., 2k)

Each IPE-transformation function operates independently, then all 2; are independent and conditionally indepen-
dent given x. Then we have

po(x) [T, po(%il2)

[T po(2:)

p9($|21,22,...,2k) = (33)
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where Hle po(Zi|x) = po(21,22,...,2c|x) and Hlepg(éi) = pg(21,22,...,2;). Let replace pp(x) as
po(x)~ k=1 Hle pg(x). Then we have

k
po(x|21, 22, ., 21) = po ()~ * " [ [ po(]2:), (34)

Plugging Eq. [34] into the first term of Eq. [31] then we have

k
[Ttz o (alzr, 22 220
i=1

(35)
= —(k—1)logpg(x /qu Zi|x) Zlogpg x|z;) ]
Applying same process between the Eq. [32] and Eq. and plugging Eq. [35] into Eq. then we have
klog pe(x /qu Zilxz) Zlogpg x|z;) }dz
(36)
/qu %i|z)log =1 ——"" Hl 1P(%) dz’.
Hz 14 (Zil)
Expanding the first term and inverse the second term of Eq. then we have
k
log pa(z Z |:/(I1 (2i]z) log pg(x|2;)d2; H /(11 zJ|:E)dZ1:|
= J=1,j#i"
- (37)
— ZDKL (g (2ilx) || p(2:))
i=1
Replacing [ ¢;(2;|x)dz; as 1, then we have:
k
1 N .
log po(x) > z D Ey, 22 log po(m]2:) — k Dk, (5(2i]) ||p(zi))} (38)
i=1
Therefore, we define ELBO as:
1 E
L£(6,0, bicpmi®) = 7 Z g, (22 |) 108 Do ()i (2)) —
= (39)

Z Dxr(go,w: (2]2) [y (2))-

=1

However, following Eq. k samples are generated, and each sample is disentangled for different factors. We
implement the output as the average of the sum of the k samples to obtain a single sample with a superposition
effect from k samples. Moreover, the KL divergence term in Eq. [39] represents that increasing number of
MIPE-transformation is equal to increasing 8 hyper-parameter in S-VAE (Higgins et al.l [2017)).

The VAEs equipped with MIPE-transformation (MIPET-VAEs) can be trained with the following loss:

£(¢a 97 ¢i€[1,k] ) iB) = Erec - £kl - ['el - »Ccale (40)

D Details of Experimental Environment

D.1 Model Architecture and Hyper-Parameter Tuning

The details of model architecture is demonstrated in Table [Band [7] The details of hyper-parameter settings are in
Table Bl
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Table 6: VAE architecture for dSprites dataset.

Encoder Decoder
Input 64 X 64 binary image input € R0
4 x 4 conv. 32 ReLU. stride 2 FC. 128 ReLU.
4 x 4 conv. 32 ReLU. stride 2 FC. 4 x 4 x 64 ReLU.

4 X 4 conv. 64 ReLU. stride 2 4 X 4 upconv. 64 ReLU. stride 2.
4 X 4 conv. 64 ReLU. stride 2 4 X 4 upconv. 32 ReLU. stride 2.

FC. 128. FC. 2 x 10 4 x 4 upconv. 32 ReLU. stride 2.
4 X 4 upconv. 1. stride 2

Table 7: VAE architecture for 3D Shapes, and 3D Cars datasets. For exceptional case, CLG-VAE, we use ten
dimension size on 3D Shapes dataset (Zhu et al., 2021]).

Encoder Decoder

Input 64 X 64 x 3 RGB image | input € R° (3D Shapes), R™ (3D Cars)
4 x 4 conv. 32 ReLU. stride 2 FC. 256 ReLU.
4 x 4 conv. 32 ReLU. stride 2 FC. 4 x 4 x 64 ReLU.
4 X 4 conv. 64 ReLU. stride 2 4 x 4 upconv. 64 ReLU. stride 2.
4 X 4 conv. 64 ReLU. stride 2 4 x 4 upconv. 32 ReLU. stride 2.

FC. 256. FC. 2 x 10 4 x 4 upconv. 32 ReLU. stride 2.

4 x 4 upconv. 3. stride 2

Table 8: Hyper-parameters for dSprites, 3D Cars, and 3D Shapes. The epochs for dSprites and 3D cars are 30
and 200, respectively. Ir is learning rate, latent dim is latent vector size, group reconst is group reconstruction,
and forward group is forward group pass.

(a) Hyper-parameters for dSprites and 3D Cars (b) Hyper-parameters for 3D Shapes
models [ hyper-parameters | values models [ hyper-parameters | values
batch size 256 batch size 256
epoch {30,200} epoch 67
optim Adam common optim Adam
common Ir 4e-4 Ir 4e-4
Ir for MIPET 4e-4 Ir for MIPET 4e-4
weight decay le-4 # of IE and EF {1,2,4,10}
latent dim 10 B-VAE weight decay 0.0
B-VAE # of IE and EF {1,2,4,10} latent dim 6
B {4,6} B {4,6}
B-TCVAE | # of IE and EF {1,3} # of IE and EF {1,3}
a, vy 1.0 B-TCVAE a, v 1.0
Adecomp 40 weight decay le-4
Ahessian 40 latent dim 6
CLG-VAE forward group 0.2 Adecomp 40
group reconst {0.2,0.5,0.7} Ahessian 40
forward group 0.2
CLG-VAE group reconst {0.2,0.5,0.7}
weight decay 0.0
latent dim 10

D.2 Details of Datasets

We benchmark MIPET-VAEs against several standard VAEs on the following datasets: 1) dSprites (Matthey|
et al., 2017) which consists of 737,280 binary 64 x 64 images of dSprites with five independent ground truth
factors(number of values), i.e. shape(3), orientation(40), scale(6), x-position(32), and y-position(32). 2) 3D
Shapes (Burgess and Kim| [2018) which consists of 480,000 RGB 64 x 64 x 3 images of 3D Shapes with six
independent ground truth factors: shape(4) orientation(15), scale(8), wall color(10), floor color(10), and object
color(10). 3) 3D Cars (Reed et al |2015) which consists of 17,568 RGB 64 x 64 x 3 images of 3D Shapes with
three independent ground truth factors: car models(183), azimuth directions(24), and elevations(4).

D.3 Details of Training and Evaluation

Training We set 256 mini-batch size in the datasets (dSprites, 3D Shapes, and 3D Cars), Adam optimizer
with learning rate 4 x 1074, 81 = 0.9, B2 = 0.999, and epochs from {30,67,200} as a common setting for all the
comparative methods. For the comparison, we follow training and inference on the whole dataset. We train each
model for 30, 67, and 200 epochs on the dSprites, 3D Shapes, and 3D Cars, respectively, as introduced in |Kim and
Muih| (2018); Ren et al.| (2022). We tune 8 from {1,2,4,10} and {4, 6} for 8-VAE and 8-TCVAE, respectively.
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Table 9: Impact of the number of MIPE-transformation function on the S-TCVAE and 5-VAE with dSprites, 3D
Shapes, and 3D Cars datasets in terms of the four metrics. The blue and red box plots represent each model’s
single and multiple IPE-transformation cases, respectively. (A-n: MIPET-S-TCVAE (4), B-n: MIPET-3-TCVAE
(6), C-n: MIPET-3-VAE, n: the number of MIPE-transformation).

Metrics
dataset
FVM MIG SAP DCI
0.95 0.75[ 0.17 0.81] -
0.77 ! 0.47 + l ’ ﬁ i s 0.11 i ’ 0.57 * ! I * a ﬁ
3D Shapes . § * * . -
0.59 : 0.18 o 0.05 0.34
P P PP IEC IR O PP P PP WP P PP
1.00 i i 0.13] - * 0.04] + 0.33 *
0.87 ' — 0.07 + * , 0.021 ° o 0.21 + * + . i
3D Cars i i * i
gL
0.75 0.01 . 0.00 0.09
o o EC IR R S PR PP P AP S R

We apply the proposed method to S-TCVAE only with the EF similarity loss term because S-TCVAE penalizes
the divided KL divergence terms. We set the same encoder and decoder architecture in each model to exclude
the overlapped effects. The & = 1 and v =1 of f~-TCVAE as |Chen et al| (2018). We set the dimension size of
the latent vectors from {6, 10} for 10 on dSprites and 3D Cars datasets and 6 for 3D Shapes, but we set 10 for
CLG-VAE because it sets 10 dimensions size on 3D Shapes in . Regarding the CLG-VAE, we
fix Adecomp, Ahessian, and forward group features as 40, 20, and 0.2, respectively. Because the hyper-parameters
showed the best result in . We set group reconstruction from {0.2,0.5,0.7}. For Control-VAE,
we set the maximum KL divergence value from {10,12,...,20}. In addition, we set masking ratio A from
{0.0,0.5,...2.0,00}. To check the impact of MIPE-transformation, we do not consider the Groupified VAE
because the latter is implemented with an extended decoder (different capacity).

Evaluation We conduct experiments on NVIDIA A100, RTX 2080 Ti, and RTX 3090. We set 100 samples
to evaluate global empirical variance in each dimension and run it a total of 800 times to estimate the FVM
score introduced in Kim and Mnih| (2018). For the MIG (Chen et al., 2018)), SAP (Kumar et al., 2018), and
DCI (Eastwood and Williams, 2018), we follow default values introduced in Michlo| (2021), training and evaluation
100 and 50 times with 100 mini-batches, respectively. We evaluate four disentanglement metrics for a less biased
understanding of the actual states of disentanglement.

D.4 Additional Result of Relation Between Factors and Latent Vector Dimensions

MIPET-S-VAE

Figure 6: 3D Car Dataset: Azim. refers to the azimuth factor, and Elev. refers to the elevation factor.

In the 3D Car dataset, a trade-off was observed. While the maximum value across models and evaluation factors
showed a slight decrease, the azimuth factor exhibited a notable improvement compared to the declines seen in
other factors.

D.5 Impact of Symmetric Matrix Exponential

We empirically show the benefit of using a symmetric matrix for @. Table [L0] shows the ratio of runs with a
symmetric matrix, which shows better performance than unrestricted matrices, to the total 240 (60 models x 4
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Table 10: The ratio of seeds to show better performance with symmetric matrix

dSprites | 3D Shapes | 3D Cars
0.58 0.56 0.67

Dirichlet Distribution

outputs.

@® Dataset
® Posterior
® Output

VAE MIPET-VAE MIPET-VAE (w/o semantic mask)

Figure 7: 2D Exponential Family Distribution Datasets

metrics) runs for each dataset. All results are higher than 0.5, which implies that the constraint enhances 12L
equivariance even with uncertain factors.

D.6 Additional Experiment of Computing Complexity

Table 11: Training complexity.

# of IE | Complexity
0 x 1.00
1 x 0.75
3 x 0.50
4 x 0.33

We additionally estimate the computing complexity depending on the number of IPE-transformation. The results
are in Table [11] and represent the training time complexity compare to baselines (when the number of IE is equal
to 0).

D.7 Semantic Mask: Mapping Gaussian Distribution to Diverse Exponential Family

As shown in Fig. [7} MIPET-VAE with semantic mask preserves the dataset structure compared to VAE. Also, EF
conversion with semantic mask maps the Gaussian distribution to the exponential family compared to MIPET
without the semantic mask and VAE cases.
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